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Abstract. In this work we propose to study the general Robin boundary 
value problem involving signed smooth measures on an arbitrary domain Q 
of R'*. A Kato class of measures is defined to insure the closability of the as- 
sociated form (£ij,,T^). Moreover, the associated operator is a realization 
of the Laplacian on L^(0). In particular, when 1^| is locally infinite every- 
where on do,, is the laplacian with Dirichlet boundary conditions. On 
the other hand, we will prove that he semigroup (e~*^f )t>o is sandwitched 

between (e *'^'^^)f>o a-nd '"^^f" )t>o E'nd we will see that the converse 
is also true. 



1. Introduction 

This Paper is a complement of our first paper [1], where we have studied Robin 
Laplacian in arbitrary domains involving positive smooth measures. Here we want 
to carry out the case of signed smooth measures. 

As for Kato class defined in the context of perturbation of Dirichlet forms, 
one should define a specific Kato class adapted to the treatment of the Robin 
Laplacian. One should have in mind that this case is in fact a perturbation of the 
Neumann boundary condition by a certain measure. 

In the Litterature, the first who had defined such class of measures was V. G. 
Papanicolau [13]. His aim was to give the probabilistic solution of the schrodinger 
operator —A -I- V with Robin boundary condition ^ -I- /3 on the boundary dVl, 
where $7 is bounded domain with boundary, and v the outward unit normal 
vector on dO,. The Borcl function /3 belong to a specific Kato class Yi{dVL), which 
means that. 



lim sup E"^ 



\P{Xs)\dL, 



(1.1) 



where L is the boundary local time of the Standard reflecting Brownian motion 
X on n. 

With the same smootness assymption on the domain as above, Ma and Song 
[10, 11] worked with a generalized Kato class of measure on S7 to study in a 
probabilistic point of view, the third boundary value problems, semilinear and 



2000 Mathematics Subject Classification. 31C15, 31C25, 47D07, 60H30, 60J35, 60J60, 60J45. 
Key words and phrases. Dirichlet forms;Kato class of measures; Robin boundary conditions. 
* The auhtor is supported by "Deutscher Akademischer Austausch Dienst "(German Academic 
Exchange Service). 

1 



2 



AKHLIL KHALID * 



generalized mixed boundary value problems. Ramasubramanian in [14] remarks 
that, one can generalize the treatment in [13] to bounded Lipschitz domains. 

There is no study of the Robin boundary value problems in an arbitrary domain 
involving signed smooth measures on the boundary. There is two reasons for this: 
First, one need the reflecting Brownian motion X on CI, which is defined to be the 
Hunt process associated with the Dirichlet form 



The dirichlet form {£,H^{fl)) need not to be regular, and then nothing insure 

the existence of X. Moreover, one can not define, for a "bad" f2, the capacity 
induced by {£, H^{Q)), and then to be able to reproduce the theory of perturbation 
of regular Dirichlet forms [2, 3, 7, 9, 15, 16] in our special case. 

Throught [9] for example, the form {£, J-) is a regular Dirichlet form on 
L^{X, m) , where X is a locally compact separable metric space, and m a positive 
Radon measure on X with supp[m] = X. 



For our purposes we take as in [5] X = O, where is an open subset of M , 
and the measure m on the ct— algebra B{X) is given by m{A) = \{A fl f2) for all 
A G B{X) with A the Lebesgue measure, it follows that = L'^{X,B{X),m), 

and we define a regular Dirichlet form {£,J^) on L'^{Cl) by: 



where T = H^n) is the closure of H^{n) n Cc(f7) in H^{n). The domain H^{n) 
is so defined to insure the Dirichlet form {£, F) to be regular. In the special case 
where f2 is bounded with Lipschitz boundary, we have H^{Q.) = H^{fl). 

In [1] , we have considered a perturbation on the boundary by a positive smooth 
measure. Here, we consider a purturbation on the boundary by signed smooth 
measure, we define then, for /x G S{dfl) — S{dfl) 



More precisely, we define a particular Kato class of measures, adapted to our 
context, we give also some of its properties and its analytic description, this is the 
subject of section 3. In section 4, we consider the Robin problem involving signed 
smooth measures. We will see that when /j. e S{dQ) — SK{d^), the Dirichlet form 
(fju, J''*) is closed and the associated selfadjoint operator is a realization of 
the Laplacian on L^(9r2). In the special case where is locally infinite on d^l, 
then is the Laplacian with Dirichlet boundary conditions. Moreover, {£^,F^) 
is regular if and only if ]/i| is a Radon measure. In section 4, we will prove 
a domination theorem. It says that the semigroup (e^*^'')i>o is sandwitched 
between (e~*^f+)t>o and (e^'^-^"" )(>o- We will see that the converse is also 
true. That means that if one have a semigroup {T{t))t>o sandwitched between 
(e~*^f'+)(>o and (e"*^-"" )t>o, then r(t) = e"*^"-"" , where is a Radon measure 
charging no set of zero relative capacity. 




(1.2) 





where F^' = H^{n)nL^ 



{dn,\fi\). 
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2. Preliminaries 



This section is devoted to preparations for tlie next sections. More precisily, 
it concerns tlie notion of relative capacity, smooth measures concentrated on the 
boundary and the revuz correspondence between this smooth measures and 
positive additive functionals supported also by dfl: thanks to the fact that the 
support of an additive functional is the relative quasi-support of its associated 
measure. In the two last subsections, we will define a general reflected Brwnian 
motion adapted to our context, and finally we review the case of positive smooth 
measures studied in [1]. 

We start with the Regular Dirichlet form {£,T) on L^(fi) deflned by 



where T = H^{Q), and we denote for any a > : £a{u, v) = £{u, v) + a(w, v), 
Vw, V 

2.1. Relative Capacity. The relative capacity is introduced in a first time in 
[4] to study the Laplacian with general Robin boundary conditions on arbitrary 
domains. It is a special case of the capacity associated with a regular Dirichlet 
form as described in chapter 2 of [9]. It seems to be an efhcient tool to analyse 
the phenomena occurring on the boundary dO, of f2. 

The relative capacity which we denote by Cap^ is defined on a subsets of O by: 
For ^4 c relatively open (i.e. open with respect to the topology of Vt) we set: 

Capfy(A) := m.{{£i{u,u) : u G H'^{9) : u > 1 a.e on A] 

And for arbitrary A C O, we set: 

Capfy(A) := inf{CapfY(B) : B relatively open A (Z B (zTi] 

A set A'' c O is called a relatively polar if CapjY(A'') = 0. 

The relative capacity has the properties of a capacity as described in [9]. In 
particular, Capjy is also an outer measure (but not a Borel measure) and a Choquet 
Capacity. 

A statement depending on x G ^ C is said to hold relatively quasi-cverywhcre 
(r.q.e.) on A, if there exist a relatively polar set N C A such that the statement 
is true for every x & A\N. 

Now we may consider functions in H^{Vl) as defined on Vt, and we call a function 
u : O — )■ R relatively quasi-continuous (r.q.c.) if for every e > there exists a 
relatively open set G C O such that Ca,p^{G) < e and ulfj^c is continuous. 

It follows [17] , that for each u € (fl) there exists a relatively quasi-continuous 

function u : £7 ^ M such that u{x) = u{x) m— a.c. This function is unique rela- 
tively quasi-every where. We call u the relatively quasi-continuous representative 
of u. 

For more details, we refer the reader to [4, 17], where the relative capacity is 
investigated, as well as its relation to the classical one 




(2.1) 
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2.2. Revuz corespondence. All families of measures on dil defined in this sub- 
section, was originally defined on X [9], and then in our settings on X = 17, as a 
special case. We put dO, between brackets to recall our context, and we keep in 
mind that the same things are valid if we put or O instead of dfl. 

Let Q C be open. A positive Radon measure /U on dfl is said to be of finite 
energy integral if 

/ \v{x)\iJ.{dx) < C^/£i{v,v) ,veJ^nCc{Ti) 

Jan 

for some positive constant C. A positive Radon measure on dQ is of finite energy 
integral if and only if there exists, for each a > 0, a unique function Ua^ G such 
that 

£a{UaH,v) = / V{x)n{dx) 
JdQ 

We call Ua^i an a— potential. 

We denote by So{dQ), the family of all positive Radon measures of finite energy 
integral. We recall that each measure in So{dQ) charges no set of zero relative 
capacity. 

We now turn to a class of measures larger than So{dQ). Let us call a (positive) 
Borel measure /x on dfl smooth if it satisfies the following conditions: 

- /i charges no set of zero relative capacity. 

- There exist an increasing sequence (i^„)„>o of closed sets of such that: 

/x(F„)<oo ,n=l,2,... (2.2) 



lim Capa{K \ F„) = for any compact K C dfl (2.3) 

71— ^+00 

We denote by S{dfl) the family of all smooth measures on dfl. The class S(dfl) 
is quiet large and it contains all positive Radon measure on dfl charging no set 
of zero relative capacity. There exist also, by Theorem 1.1 [3] a smooth measure 
/i on dfl ( hence singular with respect to m) "nowhere Radon" in the sense that 
/i(G) = 00 for all non-empty relatively open subset G of dQ (See Example 1.6[3]). 

Now we turn our attention to the correspondence between smooth measures 
and additive functionals, known as Revuz correspondence. As the support of 
an additive functional is the quasi-support of its Revuz measure, we restrict our 
attention, as for smooth measures, to additive functionals supported by dfl. Recall 
that as the Dirichlet form {£,J-) is regular, then there exists a Hunt process 
M = (S, Xt, ^, Pj;) on fl which is m— symmetric and associated with it. 

Definition 2.1. A function A : [0, -|-oo[xS — >• [—00, -|-oo] is said to be an Additive 
functional (AF) if: 

1) At is J^j— measurable. 

2) There exist a defining set A e J^oo and an exceptional set N C dQ with 
Cap^{N) = such that P^{A) = l,yx e fl\N, QtK cA,yt> 0; Vw G A, Ao{lj) = 
0; |^t(w)| < 00 for i < ^. A,{ijj) is right continuous and has left limit, and 
At+s{oj) = At{uj) + AsiOtUj) s,t>Q 
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An additive functional is called positive continuous (PCAF) if, in addition, 
At{(jj) is nonnegative and continuous for each to € A. The set of all PCAF's on dO, 
is denoted A^idQ). 

Two additive functional and A"^ are said to be equivalent if for each t > 0, 
P^{A^ = = 1 r.q.c X eVi. 

We say that A e ^+(90) and /i G S{dfl) arc in the Rcvuz correspondence, if 
they satisfy, for all 7— excessive function /i, and / 6 B+{Q), the relation: 



lim Ieh. 
t\o t 



f f{X,)dA,] = f h{x){f.fi){dx) 
Jo J Jan 



The family of all equivalence classes of A'^{dfl) and the family S{dCl) are in one 
to one correspondence under the Revuz correspondence. In this case, /x € S{dCl) 
is called the Revuz measure of A. 



Example 2.2. We suppose O to be bounded with Lipschitz boundary. We have 
[13]: 

h{x)f{x)a{dx) 



lim ^Eh.m 
t\o t 



[ f{X,)dL, =1 f I 
.Jo J ^ Jdn 



where Lt is the boundary local time of the reflecting Brownian motion on Ct, and 
a the surface measure. It follows that is the Revuz measure of Lt . 

2.3. General reflected Brownian motion. Now we turn our attention to the 
process associated with the regular Dirichlet form {£,J-) on L^(il) defined by: 

£{u,v)= [ VuVvdx ,J^ = m{fl) (2.4) 

Due to the Theorem of Fukushima [9] , there is a Hunt process (.^t)t>o asso- 
ciated with it. In addition, {£,T) is local, thus the Hunt process is in fact a 
diffusion process (i.e. A strong Markov process with continuous sample paths). 
The diffusion process M = {Xt, Px) on O is associated with the the form £ in the 
sense that the transition semigroup pt,f{x) = Ex[f{Xt)\, a; G f7 is a version of the 
L-^— semigroup Vtf generated by £ for any nonnegative L^— function /. We call 
the diffusion process on Q. associated with {£, !F) the General reflecting Brownian 
motion. 

The process Xf is so named to recall the standard reflecting Brownian motion in 
the case of bounded smooth SI, as the process associated with {£, H^{Q)). Indeed, 
when f2 is bounded with Lipschitz boundary we have that H^{H) — H^{H), and 
by [6] the reflecting Brownian motion X^ admits the following Skorohod represen- 
tation: 



1 /■* 

Xt = x + Wt + - u{X,)dL„ (2.5) 
^ Jo 

where is a standard rf— dimensional Brownian motion, L is the boundary lo- 

cal(continuous additive functional) associated with surface measure a on dfl, and 
v is the inward unit normal vector fleld on the boundary. 
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Now,we apply a general decomposition theorem of additive functional to our 
process M. In the same way as in [6], the continuous additive functional u{Xt) — 
u{Xo) can be decomposed as follows: 

w(XO-«(Xo) = Mi"l+ivi"l 

where m|"' is a martingale additive functional of finite energy and ./v]"-' is a con- 
tinuous additive functional of zero energy. 

Since {Xf)t>(y has continuous sample paths, m|"^ is a continuous martingale 
whose quadratic variation process is: 

< M^"\M^"^ >t= f \Vu\^{X,)ds (2.6) 

Instead of u we take coordinate function (j)i{x) = Xj. We have 

Xt = Xo + Mt + Nt 

We claim that Mf is a Brownian motion with respect to the filtration of Xf. 
To see that, we use Levys criterion. This follows immediately from (2.6), which 
became in the case of coordinate function: 

< m['^*],mI'^'1 >= 6ijt 
Proposition 2.3. The additive functional Nt is supported by dCl. 
Proof. See [1]. □ 

2.4. Positive smooth measure case. This subsection is concerned with the 

probabilistic representation to the semigroup generated by the Laplacian with 
general Robin boundary conditions, which is, actually, obtained by perturbing the 
Neumann boundary conditions by a measure. We start with the Regular Dirichlet 
form defined by (2.1), which we call always as the Dirichlet form associated with 
the Laplacian with Neumann boundary conditions. 

Let fx he a positive Radon measure on dil charging no set of zeo relative capacity. 
Consider the perturbed Dirichlet form [E^^T^) on 1/^(0) defined by: 

/•^ = j"nL=^(ao,/x) 

£fjt{u,v) = £{u,v) + / uvdfi u,v & 

JdQ 

We shall see in the following theorem that the transition function: 

Vt^f{x) = EMiXt)e-^^ 

is associated with {£^,J^^), where is a positive additive functional whose Revuz 
measure is /i, note that the support of the AF is the same as the relative quasi- 

support of its Revuz measure. 

Theorem 2.4. Let ji he a positive Radon measure on dfl charging no set of zero 
relative capacity and (Af )t>o he its associated PCAF of {Xt)t>o- Then is 
the strongly continuous semigroup associated with the Dirichlet form [En^T'^) on 
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The proof of the Theorem 4.2 is similar to the Theorem 6.1.1 [9] which was 
formulated in the first time by S. Albeverio and Z. M. Ma [2] for general smooth 
measures in the context of general {X, m). In the case oi X = ^l, and working just 
with measures on Soidil) the proof still the same, and works also for any smooth 
measure concentrated on dil. Consequently, the theorem still verified for smooth 
measures "nowhere Radon" i.e. measures locally infinite on dfl. 

Example 2.5. We give some particular examples of V^: 

(1) If /X = 0, then 

V?f{x)=E,[f{Xt)] 
the semigroup generated by Laplacian with Neumann boundary conditions. 

(2) If yu is locally infinite (nowhere Radon) on d^l, then 

Vrfix) = E,[f{Bt)l{t<r}] 

the semigroup generated by the Laplacian with Dirichlet boundary conditions (see 
Proposition 3.2.1 [17]). 

(3) Let n be a bounded and enough smooth to insure the existence of the 
surface measure a, and /x = 0.a, with /3 a measurable bounded function on dfl, 
then = J* ^[Xs)dLs, where Lt is the boundary local time. Consequently : 

V^fix) = E4f{Xt)exp{- f l3{Xs)dLs)] 

Jo 

is the semigroup generated by the Laplacian with (classical) Robin boundary con- 
ditions gien by ^ + /3 = 0. 

Proposition 2.6. "Pf is sub-markovian i.e. > for all t >0, and 

llPf/lloo < ll/IU (i>0) 

Theorem 2.7. Let ii G S{dCl), then the semigroup is sandwiehed between the 
semigroup of Neumann Laplacian, and the semigroup of Dirichlet Laplacian. That 
is : 

< e"*^° < < e"*^" 
for all t > 0, in the sense of positive operators. 

Proposition 2.8. Let 1^,1^ & S{d^) such that u < fi (i.e ^{A) < ^,{A),\/A e 
B{dn) ), then 

< < < V" < e"*^'' 

for all t>0, in the sense of positive operators. 

3. Kato class of measures 

In this section, we will define a particular Kato class of measures. It is a 
particular case of Kato class of measures as defined in [3] and generalized in [16]. 
In fact, to deal with the Robin boundary value problems involving signed smooth 
measures, one should only consider measures concentrated in the boundary in 
the theory of Perturbation of Dirichlet forms by measures. After defining this 
particular Kato class, we will give briefly some of its properties and its analytic 
description. The proofs are similar, with minor changes, to those of the above 
cited papers. 
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3.1. Definition and properties. Let / £ B{dfl) and set 
ll/llrg = ^ inf ^ sup |/(a;)| 

where the index 'rq' reminds us "relatively quasi-every where" . 

Definition 3.1. A smooth measure is said to be in Kato class of measures on dfl, 
and we denote € SxidO.) if: 

lim IIE.Afll,, = 

where is the unique PCAF associated with fi. (Note that is also supported 
by dQ). 

Remark 3.2. 1) Sxidfl) is defined in the spirit of [13, 14] and is a particular case 
of the Kato classe as defined in [3], and generalized in [16]. 

2)Suppose n bounded with Lipschitz boundary. Let ^ be a Borel function on 
the boundary, and cr the surface measure. Define the measure fx = /3cr, then the 
Definition 3.1 is exactly (1.1) . 

Now, we give some properties of measures in S'x(90). 

Proposition 3.3. Let jj € SK{dfl), then there exist a nonnegative constant c such 
that: 

\\E.e^^\\rg<c 

for small t. 

Proof. We have G 5^(917), then lim(\^o ll-E'-^fll'-g = 0. Consequently, and for 
t sufficiently small we get ||i?.ylj;']|rg < a < 1, then by Khams'minskii's lemma 
[15, 13], we get ||£^.e'^^'||r, < c □ 

Proposition 3.4. Let ji € SK{dfl), then there exists nonnegative constants c and 
/3 such that: 

\\E.e^"\\rg<ce^' 

for all t>0. 

Proof. By the above Proposition we have for some T sufficiently small 

WE.e^"^ \\rg <c for ah < < < T 
Let t > arbitrary, then there exists no S N and to <T such that t = noT + to- 
Thus, by the multiplicative propert of (e^t), we get 

||£^.e^^||rg < ce'^* with /3 = T'^ logc 

□ 

Now, we introduce a subclass of the Kato class of measures, namly, 

S'xo(<90) = {fie Sxidn) n So{dn) ^(ao) < 00} 

where So{drt) is the totally of the positive Radon measures of finite energy integral 
as defined in subsection 2.2.. As for Theorem 2.2.4. in [9], Albeverio and Ma have 
proved an approximation theorem of smooth measures by measures of SKo{dfl), 
see [2] for details. 
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3.2. Analytic definition. We give here the analytic decription of SK{dil), the 
proofs are similar to those in [3] . That permits us to treat the signed measures case 
without recalling probabilistic considerations. We note also that one can define 
a more general Kato class of measures as defined in [16], the so called extended 
Kato class of measures. 

As in [16], we introduce the mapping ^{n, a) for /x G S{d^l) and a > by, 

: ^ [0,oo] (3.1) 

$(/x, a)f := [ ( r e-"'ptfdt) dfi (3.2) 
Jon \Jo / 
where {pt)t>o is the markovian transition function of the general reflected brownian 
motion: The diffusion process associated with {£,T). Recall that {pt)t>o is a 
continous version of the semigroup {T't)t>o assciated with {£,T). 

Theorem 3.5. Let fi G S{d^l). Then the following assertions are equivalent to 
each other: 

(1) M e Sxid^), 

(2) $(/x, a) extends to a hounded linear functional on L^(r2) and 

lim ||$(M,a)||i=0 

a— ^oo 

In view of the KLMN theorem, the more suitable class of measures is when the 
limit in the above theoem is less strictly than 1. It is exactly, what is done in [16], 
where an extended Kato class of measures was defined. In our context, and to 
deal just with measures concentrated in dVt, the definition can be wrote as follow: 

SK{drL) = {ytx e S{dVi) : 3a > s.t. ^{iJ.,a) extends to a bounded linear 

functional on L^{Q) and c(/u) < 1} 

(3.3) 

where c(/u) := lim Cq(^) and Ca{n) := ||$(/z,a)||oo = ||$(/Li, a)||il(^)'■ 
a— >-oo 

In the same manner as Theorem 3.3. in [16], one can deduce the following 
theorem: 

Theorem 3.6. Let /U G S'k (9f2). Then /U is £— bounded. More precisely, 

\u\^diJ,<c{iJ.)£{u,u) + \\u\\l ,Vmg7' (3.4) 



dn 

4. Signed measures case 

Let jj, = /x"*" — fi' be a signed Broel measure on dfl. If \fi\ is a smooth measure, 
then /It is called a signed smooth measure, and we shall write /x G S{dCl) — S{dQ). 
It is evident that ^ £ S{dn) — S{dfl) if /U"*" and /z~ are both in S{dfl). For 

H G S{dn) - S{dn) we shal set := Af - Af . We shal call n the Revuz 
measure of Af. 

We define for fx G 5(90) - S{dn) 

£fi{u,v) = / VuWvdx + / uvdfj,, \/u,v & 
Jq Jen 

where J"^ = H^{n) n L^{dQ., |/x|) 
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First, we begin with the following result 

Theorem 4.1. Let n be a signed Borel measure on dQ. and assume that is 
locally infnite everywhere on dQ; i.e., 

\/x G dCt and r > \iJ,\{B{x, r)) = oo. 

Then the form S^, which we denote by £oo, is closed and is given by 

£^{u,v)^ / VuVvdx ,D{£^) = H^{n) 
Jn 

Proof. Let u G J"^ and u its relatively continous version, it follow from the fact 
that Jg^ < 00 that u = r.q.e on dfl. Thus 

jr°° := JTM = {u £ ^i(f^) . y = r.q.e. on dn} 
One obtain that for all u,v E 

Jn 

Following a characterization of (^) with relative capacity [4, Theorem 2.3.], 
one conclude that J""^ = if oi(i7). □ 

Proposition 4.2. Let £ S(dn) - Sxidn) . Then 

(1) {E^,F^) is lower semibounded closed quadratic form, 

(2) {Vf)t>o is the unique strongly continous semigroup corresponding 

to (f^, J"^), 

(3) Tt" =JT\L^{dn,n+). 

Proof. The proof is the same as Proposition 3.1. in [3] with minor change. □ 

Theorem 4.3. Let ji G S{dfl) — S{dfl). Then the following assertions are equiv- 
alent to each other: 

(1) {£^,J^^) is lower semibounded, 

(2) (Pf )t>o is a strongly continous semigroup on L'^(Cl), 

(3) there exist constants c and /3 such that 

\Kfh<ce^'\\fh yf&L\n) 

(4) the form Q^- is relatively form bound with respect to with 
bound less than 1. 

If one of the above assertion holds, the closed form coresponding to {Vf)t>o is 
the largest closable form that is smaller that {£^,T^). 

Proof. The proof is tha same as Theorem 4.1. in [3] with minor change. □ 

Let jj, e S{dQ,) — SK{di^)- We will denote by the selfadjoint operator in 
associated with {£^,T^); i.e., 

r D(A^) {m e JT'' : 3v e ^^(O) ; £^{u, ^p) = {v, ^)V^ G JT"} 
\ Af^u := -V 
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Since for each u G £'(A^) we have 

/ WuVipdx + / uifdiJ, = / vipdx (4.1) 
Jn Jon Jn 

for all (p e £i_i, if we choose ip e the equality (4.1) can be written 

{-Au,(p) = {v,(p) 

where (, ) denotes the duality between 'D{Qy and 'D{Q). Since (fi € 'D{Q) is arbi- 
trary, it follows that 

-Au = v in D(n)' 
Thus is a realization of the Laplacian on L^(0). 

Proposition 4.4. Let jjb € S{dVt) — SK{dSl). Then the following assertion are 

equivalent to each other: 

(1) (f , J^'') is regular on f2. 

(2) is a Radon measure. 

Proposition 4.5. Let ^ G S{dCl) — Sxidfl). Then there exists a relatively open 
set Xo satisfying O c C O such that the form {£^,J^^) is regular on Xq 

For the proof of the above two propositions, one can follow the proof of Theorem 
5.8. in [2]. The relatively open set can be explicitly written as follow 

Xo = n\{x e dn-. |M|(S(x,r)) = cx),Vr > 0} 

Now define the following subset of dfl, 

T°° := {xGdn : {B{x, r)) = oo, Vr > 0} 

Note that T°° is a relatively closed subset of dfl. Since := dO, \ r°° is a 
locally compact metric space, it follows from [8, Theorem 2.18. p. 48] that 1/^1 [rifi 
is a regular Borcl measure. Therefore is a Radon measure on r'^L As for 
Theorem 4.1, we have U|r„ = r.q.e. for each function u € Jpoo, where 

T^l := {u € Tf"* : u = r.q.e. on r°°} 

It follows that is the Laplacian with Dirichlet boundary conditions on T°°, 
and with Robin boundary conditions on Pl'*!. 

5. Domination results 

In this section, we will prove a domination theorem. It says that the semigroup 
{e~^^f)t>o is sandwitched between (e~*'^''+)t>o and (e~*^-f~ )t>o. A very nat- 
ural quction arise: Is the converse also true? The answer is yes under a locality 
assymption. 

Definition 5.1. Let E be an ordered vector space 

(1) E is a vector lattice if any two elements f,gGE have a suprcmum, which 
is denoted by / V g, and an iniinimum, denoted by / A 5. 

(2) Let E he a Banach lattice. A linear subspacc / of is called an ideal if 
/ e / and g e E such that \g\ < \f\ imply gel. 
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Theorem 5.2. Let fx G S{dH) — SK{d^l), and Afj, the closed operator on the L^(ri) 
associated with the closed form {£^,T^). Then 

< e-'^^+ < e-*^" < e"*^-*-- 

for allt>0 in the sens of positive operators. 

One can sec easily from the probabilistic representation of (e~*^^')(>o that the 
Propostion is true, but here we will prove it using the following result charac- 
terizing domination of positive semigroups due to Ouhabaz and contained in [12, 
Theoreme 3.1.7.], 

Theorem 5.3. ( Ouhabaz) Let T and S be two positive symmetric Cq — semigroups 
on Let {a,D{a)) be the closed form associated with T and {b,D{b)) the 

closed form associated with S. Then the following assertions are equivalent. 

(1) T{t) < S{t) for all t > in the sense of positive operaiors. 

(2) D{a) is an ideal of D{b) and b{u,v) < a{u,v) for all u,v £ D(a)+. 

Proof, (of Theorem 5.2) Recall that the forms associated with 6"*^"+, e"*^-"" 
and e"*^'' are given repectively by 

£^+{u,v)= I Vu\/vdx+ [ uvdix+, Vu,v e J^^"* = H\n)r\L^{dn,ix+) 
Jn Jdn 

£^{u,v) = / Vu\/vdx + / uvdiJ,, Vu,t; e J^'' = J''*"^ 
Jn Jdn 

and 

£_!_,- {u,v)= / "^uVvdx- / uvdfi~, yu,v G J^^"' = H^{fl) 
Jn Jdn 

It is clear that £^{u,v) < £^+{u,v) for all u,v € J-'^ = -F^ . Then by Theorem 

5.3 we have e"*^''+ < e^'^''' for alH > in the sense of positive operator. On the 
other hand, one have £-^- [u, v) < £fi{u, v) for all u,v Cz J-^ . It still to prove that 

J"^^ is an ideal of H^ijl). Let u e and v G H'^{VL) such that < < [wj.We 
may assume that u and v are r.q.c, it follows that < < 1^1 r.q.e. and therefore 
/U+—a.e. (since ^, charges no set of zero relative capacity) . It follows that 

/ \v\''dn+ < [ \u\'^dfx+ < 00 
Jon Jdn 

and then v € L'^{dfl, which implies that v € H^{n) n L'^{dVL, 

□ 

For two positive Borcl measures and v on dO. we write v < fj, if ^{A) < fJ,{A) 
for all A G B{d^l), and for two signed Borel measures fj, and v on dO, we write 
1/ < if < /i+ and u~ > 

Proposition 5.4. Let yu, G S{dil) — 5^(91^) such that v < jj,. Let and A^, 
denote the self adjoint operators on L^{Q) associated respectively with the closed 
forms {£^,T^) and (£y,F"). Then 

for all t > in the sense of positive operators. 



13 



Proof. It suffices to show that e < e '"^'^ for all t > in the sense of posi- 
tive operators.We have !/+ < then L'^{dCt,n+) C 1.2(9^,1/+). Thus J"''"^ is 
continuously embedded into J^"* . 

We claim that is an ideal of J^"^ . In fact, let u € J-"^ and v G J^'' be 
such that < \v\ < \u\. We have to show that v e J^^ . We may assume that u 
and V are r.q.c. It is clear that v G i?^(r2). Since < \v\ < |h[ a.c., it follows that 
< < |u| r.q.e and therefore /x"*" and z^"*" a.e. (since € S{dfl)). It then 

follow 

/ \vfdu+ < / \u\^dn+ < 00 
Jan JdQ 

and therefore v G L-^(i9f2, /x"*") which proves the claim. 

Now, let u,v € . It follows that u and t; are positive r.q.e. on O and thus /x 
a.e. on dVL. We have i/"*" < /i+ and > therefore £^{u,v) < £,y{u,v), which 
completes the proof. □ 

Proposition 5.5. Let G S{dn) - SKidil.). Then {£^,J^^^) is local. 

Proof. The proof is similar to Proposition 3.4.20. in [17]. □ 

The main result of this paper is the converse of Theorem 5.2. More precisely, 
if (T{t))t>o is a Cq— semigroup on L^(f2) satisfaying 

for all i > in the sense of positive operators, under which conditions T{t) is 
given by a signed measure u on dfl? We suppose that F'^ = dfl, we have then the 
following theorem: 

Theorem 5.6. Let C M.'^ be an open set and T = {T{t))t>o be a symmetric 
Cq— semigroup on L^{n) satisfaying 



e 



-tA^+ < T{t) < e-'^- 



for all t > in the sense of positive operators, where jji^ G S{dfl) and /z~ G 
Let {£,D{£)) be the closed form on L^{Q) associated with T. Suppose 
in addition that {£,D{£)) is regular. Then the following assertions are equivalent 

to each other: 

(1) T(t) = e"*^"-**" for a unique positive Radon measure v charging no set 
of zero relative capacity on dfl. 

(2) {£, D{£)) is local. 

Proof. (1)=^>(2) This part follows from Proposition 5.5. 

(2)^(1) We have D{£) is an ideal of H^{fl) and for all u,v ^ D{£)+ we have. 



In Jan 
For u,vG D{£) n Cc(f2) we let 



/ VuVvdx— I uvdn <£{u,v) 
Jn Jan 

/ uvdfj,~ — / WuVvdx 
Jan Jn 



b{u, v) = £{u, v) 
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Let {G^ : /3 > 0} be the resolvent of the operator associated with the closed form 

{£,D{£)) and {G^^~ : (3 > 0} he the resolvent of A_^-. Let f(^) and be 
the approximation forms of £ and £-^- and let 

b^^^ {u, v) := £^^^ {u, v) - £^_^l_ (u, v) 

= /3{u- PGfu,v) -0 (u- 0G]^'''u,vj (5.1) 

= mG^''~ -Gf)u,v) 

Since by domination criterion, b^l^\u,v) > for all positive u,v £ D{£) n Cc(0), 
we have that PiC^^ — G|) is a positive symmetric operator on L'^{oj) and it then 
follows from [9] (Lemma 1.4.1.) that there exists a unique positive Radon measure 
on Q X Q such that for all u,v £ D{£) n Cc(ri) we have 

h^^\u,v) = mG^""' - G$)u,v) = /3 j_u{x)v{y)du^ 

Jn 

It is clear that b'^^^u, v) b{u, v) as /3 /"^ for all u,v G D{£) n Cc{Tl). Since for 
each /3 > and u e D{£) D Cc{Tt) 

b^'^\u,v) < £{u,v) 

it follows that the sequence (/3i^^) is uniformly bounded on each compact subsets 
of n X n and hence a subsequence converges as /3„ — > oo vaguely on f2 x f2 to a 
positive Radon measure v. The form {£, D{£)) is regular and then u is unique and 
therefore for all u,v e D{£) n Ccifi) 



b{u,v) = l_u{x)v{y)dv 
Jn 



Since {£,D{£)) and {£_^- ,H^{i})) are local, it follows that b{u,v) = for all 
u,v e D{£) n Cc(0) with supp['u] fl supp[v] = 0. This implies that supp[i/] C 
{(x, x) : X €: fi}, and therefore 

b{u,v) = / u{x)v{x)dv 
Jn 

Since b{u,v) = for all u,v E 'D{Q) c D{£), we have supp[!/] c \ = dO, 
and thus 

b{u,v) = I u{x)v{x)dv 
Jdn 

Consequently, for all u,v € D{£) n Cc(n) we have 

£{u, v) = I VuWvdx + / uvdu — / uvdfj,~ 
Jn Jon Jon 

The positive Radon measure u charges no set of zero relative capacity. In fact, 

we have £{u, u) < £^+ {u, u) for all u G J^^ C D{£), which implies 

/ \u\'^du < / 
Jdn Jon 

With a particular choice of the function u, we have for all Borel subsets O C 
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y{0) < \^,\{0) 

If O is of zero relative capacity then ^{O) = 0, thus u also charges no set of 
zero relative capacity. 

To finish , it still to prove that {£,D{£)) = {S^_^,- .T"). 

It is clear that J^'^is a closed subspace of D{£). We show that D{£) is a subspace 
of T". Let u e D{8). For n e N we let u„ = uAn. Then m„ e H'^{Q) is relatively 
quasi-continous. Since < w„ < n and < cx), it follows that m„ G L^{dVl, v) 

and therefore w„ e .F'^. It is also clear that m„ — >■ w iJ^(n) and thus after taking 
a subsequence if necessary, we may assume that w„ — >■ u r.q.e.(see proposition 2.1. 
[5]). since v charges no set of zero relative capacity, it follows that u„ — >■ u v—a.e. 
on dCl. Finally, since < m„ < fc, the Lebesgue Dominated Convergence Theorem 
implies that u„ — >■ u in L'^{dfl, u) and thus u„ — >■ u in T'' and therefore u € F'^ . 

□ 

We can drop out the condition that [E^^F'^) is regular, but in this case we 
shoud add with the locality assymption the fact that D{£) n Cc(0) is dense in 
D{£). One can then follow the proof of Theorem 4.1 in [5] and the technics in 
Theorem 5.6 to prove the existence of such measure v. The inconvenient in this 
case is that u is not necessary unique. 
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